Abstract. This paper studies the relations between ideals, filters, regular congruences and normal congruences in inclines. It is shown that for any incline, there are a one-to-one correspondence between all ideals and all regular congruences and a one-to-one correspondence between all filters and all normal congruences.
Introduction and preliminaries
Inclines are additively idempotent semirings in which products are less than or equal to either factors. The concept of inclines was first introduced and studied by Z. Q. Cao in a series of his papers and a monograph [4] Incline Algebra and Applications coauthored with Kim and Roush in the first half of 1980's. Inclines and incline matrices are useful tools in diverse areas such as automata theory, design of switching circuits, graph theory, medical diagnosis, Markov chains, informational systems, complex systems modeling, decisionmaking theory, dynamical programming, control theory, nervous system, probable reasoning, psychological measurement, clustering and so on [5, 8] . As an algebraic system, an incline can be viewed as a generalization of both distributive lattices and fuzzy algebras. A lot of scholars have been interested in and researched the theory of incline matrices, while a relative few people studied the algebraic structure of inclines [1, 2, 6, 7, 9] .
Let + and · be two binary operations on a nonempty set K. An algebraic system (K, +, ·) is called an incline if it satisfies the following axioms: for all
There are many examples of inclines. 
is an incline which is not a distributive lattice.
Usually, two operations + and · on an incline K are called an addition and a multiplication, respectively. For the multiplication of two elements x and y, the symbol · is always omitted. In an incline K, we define a binary relation ≤ by x ≤ y ⇔ x + y = y. It is easy to see that ≤ is a partial order on K and that for any x, y ∈ K, the element x + y is the least upper bound of {x, y}, i.e., x + y = x ∨ y in the poset (K, ≤). We say that ≤ is induced by operation +. It follows that (1) xy ≤ x and yx ≤ x for all x, y ∈ K; (2) y ≤ z implies xy ≤ xz and yx ≤ zx for any x, y, z ∈ K;
Given an algebraic system, ideals and congruences are often used to study its structure, for example the substructures and quotient structures. Sometimes we use ideals and sometimes we use congruences. Thus one-to-one correspondence between ideals and congruences is always an interesting topic for us.
The aim of this paper is to study the relations between ideals, filters and congruences in inclines. In Section 2, regular congruences are defined and it is shown that there is a one-to-one correspondence between the set of all ideals and the set of all regular congruences. In Section 3, filters and normal congruences are defined and it is shown that there is a one-to-one correspondence between the set of all filters and the set of all normal congruences. In Section 4, some remarks are given.
Firstly, we shall make a preparation related with congruences.
The set of all congruences on K is denoted by C(K). Let K/θ be the set of all congruence classes in K with respect to θ and for x ∈ K, [x] θ denotes the congruence class of x.
We define a binary relation
(2) The reflexivity and antisymmetry of ≺ are obvious. Transitivity:
Remark 1.3. The relation ≺ defined above on K/θ just is the partial order induced by the quotient incline K/θ [1] . In this paper, we don't want to study quotients induced by congruences. 
(y + v). Thus (x + u, y + v) ∈ θ(I). Also, we have (a + x)(b + u) = (a + y)(b + v) and (ab + xb + au) + xu = (ab + yb + av) + yv.
Since I is a lower set, ab
.5, (xu, yv) ∈ θ(I). (R1) I is the least congruence class of θ(I).
In fact, let x ∈ I. For all y ∈ K with (x, y) ∈ θ(I), we have a + x = a + y for some a ∈ I. It follows that a + y ∈ I and y ∈ I since I is a lower set. Thus 
Proposition 2.7. If I ∈ I(K), then I(θ(I)) = I.
Proof. Immediately by the proof of Proposition 2.6(R1).
Theorem 2.8. If θ ∈ C(K) is regular, then θ(I(θ)) = θ.

Proof. For all (x, y) ∈ θ, there exists a ∈ m θ = I(θ) such that a+x = a+y. By the definition of θ(I(θ)), we have (x, y) ∈ θ(I(θ). Thus θ ⊆ θ(I(θ)). Conversely, suppose that (x, y) ∈ θ(I(θ)), there exists a ∈ I(θ)
Similarly (a + y, y) ∈ θ and thus (x, y) ∈ θ. Hence θ(I(θ)) ⊆ θ.
Theorem 2.9. There is a one-to-one correspondence between I(K) and RC(K).
Example 2.10. 
Proof. Trivial since the condition "a + b ∈ F for all a ∈ F, b ∈ K" is equivalent to that "F is an upper set".
We denote by F(K) the family of all filters of K. Then F(K) is a poset under the set-inclusion. The largest element of F(K) is K. 
The family of all normal congruences on K is denoted by N C(K).
Obviously, θ(F ) is an equivalence relation on K.
For any a ∈ K, a+x ∈ F if and only if a+y ∈ F , and a+u ∈ F if and only if a+v ∈ F . So a + (x + u) = (a + u) + x ∈ F if and only if (a + y)
If a + xu ∈ F , then a + x, a + u ∈ F since a + xu ≤ a + x and a + xu ≤ a + u and F is an upper set. It follows that a + y, a + v ∈ F and (a + y)(a + v) ∈ F . Since
(N1) F is the largest element in (K/θ, ≺). Firstly, it is easy to verify that
(N3) holds by the definition of θ(F ).
For a normal congruence θ, we define F (θ) = M θ . Then F (θ) is a filter by (N1) and N(2).
(2) Let θ be a normal congruence. Then θ(F (θ)) = θ.
Proof. (1) is immediately from the proof of Theorem 3.4(N1) and (2) is from (N3).
Theorem 3.7. There is a one-to-one correspondence between F(K) and N C(K).
Example 3.8.
(1) Let K be the incline in Example 1.1 (6) . 
Remarks
Remark 4.1. There is no direct implication relation between regular congruences and normal congruences even if K is a finite distributive lattice. We can see that an ideal of an incline K is an ideal of K as a ∨-semilattice, and it is not directly related to operation ·. But a filter of an incline is directly related to two operations + and · as well as to the induced partial order ≤. Hence, we may say that in studying of algebraic structures of inclines, filters play more important role than ideals.
